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This paper presents a succession-level approximate reduction method to obtain a highly
accurate condensation model for large scale structures. Distinct from the previous reduc-
tion techniques, all the inertia items can be embodied by using the Neumann series expan-
sion. Then any level approximation can be achieved when the sufﬁciently accurate modal
parameters are obtained. The ﬁrst-order and the second-order approximate reduction
equations are derived in this study. A numerical example is given to verify the proposed
method.
 2009 Elsevier Inc. All rights reserved.1. Introduction
For solving the eigenvalue problem of a structural system with a large number of degrees of freedom (DOFs), it is often
desirable to reduce the size of the problem by performing a reduction on the structural mass and stiffness matrices. Guyan’s
method [1] is widely used in engineering practice but it is exact only at zero frequency. Several improved reduction tech-
niques have been presented in recent years by making some allowance for the inertia items [2–8]. This paper proposes a
succession-level approximate reduction method to gain highly accurate condensation models. Differing from the prior
reduction techniques, all the inertia items can be embodied in the presented method by using the Neumann series expan-
sion. When all the inertia items are omitted, the proposed reduction technique degenerates into the Guyan’s method,
whereas, more accurate reduced models can be acquired by including the ﬁrst few inertia items. The ﬁrst-order and the sec-
ond-order approximations for model reduction are illustrated in detail in this study. A numerical example is given to dem-
onstrate the proposed reduction method and the ﬁrst few eigenvalues of various condensation models are calculated for
comparison.2. The proposed model reduction method
Consider the analytical model of a given structure, with n DOFs, whose modes of vibration can be obtained by solving the
following generalized eigenvalue problem:K/j ¼ kjM/j; ð1Þwhere M and K are the mass and stiffness matrices, kj and /j are the jth eigenvalue and eigenvector, respectively. The mode
shape /j can be partitioned as. All rights reserved.
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; ð2Þwhere the superscripts ‘‘m” and ‘‘s” denote the master and slave DOFs, respectively. Correspondingly, Eq. (1) changes intoKmm Kms
Ksm Kss
  /mj
/sj
( )
¼ kj
Mmm Mms
Msm Mss
  /mj
/sj
( )
: ð3ÞFrom Eq. (3), we haveKmm/
m
j þ Kms/sj ¼ kjMmm/mj þ kjMms/sj ; ð4Þ
Ksm/
m
j þ Kss/sj ¼ kjMsm/mj þ kjMss/sj : ð5ÞRewriting Eq. (5), we obtain/sj ¼ ðKss  kjMssÞ1ðKsm  kjMsmÞ/mj : ð6Þ
Eq. (6) can be expanded by Neumann series as/sj ¼  K1ss þ kjK1ss MssK1ss þ k2j K1ss MssK1ss MssK1ss þ   
 
Ksm  kjMsm
 
/mj : ð7ÞIn engineering practice, for most structures, we often adopt the diagonal mass matrix in structural ﬁnite element model
(FEM) analysis. This means thatMms ¼ Msm ¼ 0: ð8Þ
And then Eq. (7) simpliﬁes to/sj ¼  K1ss Ksm/mj þ kjK1ss MssK1ss Ksm/mj þ k2j K1ss MssK1ss MssK1ss Ksm/mj þ   
 
: ð9ÞIf we ignore the inertia items in Eq. (9), the Guyan’s condensation formula will be obtained as/sj ¼ K1ss Ksm/mj : ð10Þ
Accordingly, the eigenvalue equation of the reduced model obtained by Guyan’s method isKr/
m
j ¼ kjMr/mj ; ð11ÞwhereKr ¼ TTKT; ð12Þ
Mr ¼ TTMT; ð13Þin which the transformation matrix T isT ¼ IK1ss Ksm
 
: ð14ÞGuyan’s method is accurate only when the masses associated with the slave DOFs are very small. With the magnitudes of
the masses for those slave DOFs increasing, the inertia items in Eq. (9) must be included to achieve more precise reduced
models. In the following discussion, the ﬁrst-order and the second-order approximate reduction equations are derived to
improve the accuracy of the condensation model.
2.1. The ﬁrst-order approximation
In the ﬁrst-order approximation, only the ﬁrst inertia item in Eq. (9) is used to derive the condensation formula. There-
fore, Eq. (9) simpliﬁes to/sj ¼ K1ss Ksm/mj  kjK1ss MssK1ss Ksm/mj : ð15Þ
According to Eqs. (4) and (8), we havekj/
m
j ¼ M1mmKmm/mj þM1mmKms/sj : ð16ÞSubstituting Eq. (16) into Eq. (15), one hasðI þ K1ss MssK1ss KsmM1mmKmsÞ/sj ¼ ðK1ss Ksm þ K1ss MssK1ss KsmM1mmKmmÞ/mj : ð17Þ
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Then Eq. (17) can be rewritten as/sj ¼ ðI þ A1KmsÞ1ðK1ss Ksm þ A1KmmÞ/mj : ð19Þ
Thereby the ﬁrst-order approximate equation for model reduction is/j ¼
I
B11 B2
 
/mj ; ð20ÞwhereB1 ¼ I þ A1Kms; ð21Þ
B2 ¼ K1ss Ksm þ A1Kmm: ð22Þ2.2. The second-order approximation
The ﬁrst and the second inertia items in Eq. (9) are remained and the others are omitted in the derivation for the second-
order approximation. Accordingly, Eq. (9) reduces to/sj ¼ K1ss Ksm/mj  kjK1ss MssK1ss Ksm/mj  k2j K1ss MssK1ss MssK1ss Ksm/mj : ð23Þ
Multiplying Eq. (16) by kj, one obtainsk2j /
m
j ¼ kjM1mmKmm/mj þ kjM1mmKms/sj : ð24ÞAccording to Eqs. (5) and (8), we haveKsm/
m
j þ Kss/sj ¼ kjMss/sj : ð25ÞRewriting Eq. (25), one haskj/
s
j ¼ M1ss Ksm/mj þM1ss Kss/sj : ð26ÞSubstituting Eqs. (16) and (26) into Eq. (24), we havek2j /
m
j ¼ ðM1mmA2 þM1mmA3Þ/mj þ ðM1mmA4 þM1mmA5Þ/sj ; ð27ÞwhereA2 ¼ KmmM1mmKmm; ð28Þ
A3 ¼ KmsM1ss Ksm; ð29Þ
A4 ¼ KmmM1mmKms; ð30Þ
A5 ¼ KmsM1ss Kss; ð31ÞSubstituting Eqs. (16) and (27) into Eq. (23), we have/sj ¼  K1ss Ksm þ A1Kmm þ K1ss MssðA1A2 þ A1A3Þ
h i
/mj  A1Kms þ K1ss MssðA1A4 þ A1A5Þ
h i
/sj : ð32ÞFrom Eq. (32), one has/sj ¼  B1 þ K1ss MssðA1A4 þ A1A5Þ
h i1
B2 þ K1ss MssðA1A2 þ A1A3Þ
h i
/mj : ð33ÞThus the second-order approximate equation for model reduction is given by/j ¼
I
½B1 þ K1ss MssðA1A4 þ A1A5Þ1½B2 þ K1ss MssðA1A2 þ A1A3Þ
 
/mj : ð34ÞIf we want to obtain more accurate condensation models, the higher order approximations can be derived as before,
which are not further discussed in this study.
3. Numerical example
A reticulated structure (shown in Fig. 1) is taken as an example to verify the proposed method. The basic parameters of
the structure are as follows: E ¼ 200 GPa; q ¼ 7:8 103 kg=m3; L ¼ 1 m; and A ¼ 0:004 m2. DOFs of the nodes 1–3 are
Table 1
The ﬁrst six eigenvalues obtained by various models.
Eigenvalues (104) k1 k2 k3 k4 k5 k6
Unreduced model 0.023 0.0998 0.2628 0.4538 0.7072 0.9630
Guyan’s method 0.024 0.1182 0.4255 0.9056 1.5646 2.9389
(4.35)a (18.4) (61.9) (11.9) (121) (205)
The ﬁrst-order approximation 0.023 0.0999 0.2756 0.5010 1.1120 1.8214
(0.00) (0.10) (4.87) (1.17) (57.2) (89.1)
The second-order approximation 0.023 0.0998 0.2636 0.4586 0.8462 1.2333
(0.00) (0.00) (0.30) (0.09) (19.6) (28.1)
a The values in bracket denote the comparative errors (%).
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Fig. 1. A reticulated structure.
4434 Q.W. Yang / Applied Mathematical Modelling 33 (2009) 4431–4434master whereas the others are slave. The ﬁrst six eigenvalues obtained by the unreduced model, Guyan’s method, the ﬁrst-
order and the second-order approximations are listed in Table 1. From Table 1, it can be seen that the proposed reduction
technique has improve accuracy over Guyan’s method and more accurate results can be obtained with the approximate level
increasing.
4. Conclusions
A model reduction method based on Neumann series expansion is presented in this paper. The proposed method can im-
prove the accuracy of the reduced model by including some inertia items. The ﬁrst-order and the second-order approxima-
tions are discussed in this study. Results of a numerical example demonstrate the effectiveness of the proposed reduction
method.
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